Introduction
Quantum entanglement is the vine from which branches the field of quantum computing and quantum information theory whose building blocks are qubits. Unlike the classical binary bit, which can only take on the value of ''0'' or ''1'', the qubit state exists as a superposition of these classical states ''0'' and ''1''. In particular, the qubit |q⟩
where γ 0 , and γ 1 are complex probability amplitudes. For quantum entanglement, the minimum structure on which we operate is the two qubits, with representation |q 1 q 2 ⟩ = γ 00 |00⟩ + γ 01 |01⟩ + γ 10 |10⟩ + γ 11 |11⟩.
(2)
While the more traditional approach to quantum dynamics is through Hamiltonians or Lagrangians, a novel approach -first introduced by Feynman [1, 2] -is through qubit dynamics. A very immediate advantage of these qubit representations is that they permit close to ideal parallelization on even classical supercomputers. The quantum lattice gas (QLG) is one of the earliest unitary algorithms [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] that under appropriately interlaced sequence of unitary entangling collision operators and unitary streaming operators can, in the long wavelength limit, recover the physics under investigation [14] . Here, we further benchmark our Dirac-based QLG algorithm [15] for the 1D vector Manakov soliton collisions [16] [17] [18] [19] [20] . A somewhat related alternate approach has been considered by Succi and his collaborators [21] [22] [23] [24] [25] . In the Succi approach, the Majorana representation of the Dirac matrices is considered-and these matrices are real, while in the Yepez approach one uses the complex chiral representation. The Succi approach has a formal analog with the quantum lattice Boltzmann (which is non-unitary) while in the Yepez-formulation there is a connection made with qubits and quantum information (which is unitary).
Mode propagation in optical fibers can play a dominant role in long-distance communication. Optical fibers are typically birefringent, with a single-mode fiber permitting two orthogonal polarizations: the so-called O-mode which has a constant refractive index along its ray path, while the X-mode has a refractive index that varies along its ray path. It has been shown [16] that the slowly varying amplitudes of these modes can be determined from the 1D coupled-NLS equations
where µ > 0, and B is the cross-phase birefringence modulation coefficient, 2 ≤ 3B ≤ 6. It has been shown for the special case of B = 1, that this coupled-NLS equation (3) is completely integrable [16] [17] [18] and is known as the Manakov equations.
In particular, exact 2-soliton vector solutions of the Manakov equations (3) are [16] 
where α n , β n and k n are arbitrary complex parameters with (n = 1, 2)
For each propagating mode, the (real) parameters x 0n predominantly determine the location of the soliton peaks if the two solitons are non-overlapping, while k nR predominantly dictate the individual soliton amplitudes and k nI the soliton speeds. The asymptotic post-collision vector soliton solutions have been determined [16] [17] [18] for times when there are no nonoverlapping solitons. In particular for k nR > 0, the post-collision non-overlapping 2-soliton amplitudes are given by (where ′ denotes post-collision state properties)
where
Radhakrishnan et al. [16] showed analytically that for certain parameter choices there exists inelastic vector soliton solutions-i.e., in a vector collision of 2-soliton polarization states, one of the soliton pairs in a particular polarization is annihilated. This type of inelastic collision is impossible in scalar NLS theory because of the normalization constraints
Moreover the k n are collisional invariants. Thus, for a particular choice of parameters the post-collision amplitudes for the Q 1 -polarization will have (see also Fig. 1 )
It is just this type of inelastic collision that led to the idea of using inelastic Manakov solitons for digital information processing in a nonlinear optical medium without radiation losses [17] [18] [19] . The QLG algorithm is a perturbative unitary algorithm. Depending on the choice and sequence of (non-commuting) collide-stream operators on the qubit states, one can recover in the long wavelength limit various equations of physics, not unlike its distant cousin the lattice Boltzmann algorithm that has been used to model the Navier-Stokes equations, Burgers equation, magnetohydrodynamics, colloidal flows, micro fluid flows to list the most important [26] . Here we concentrate on two QLG algorithms that will recover the coupled NLS equations (3). The first algorithm utilized the √ swap gate and required the introduction of the nonlinear terms in (3) as a separate distinct rotation [20] . While successful, the perturbative aspects of the algorithm did not permit extension of this representation to considerably higher amplitude solitons. This could be attributable to the fact that the unitary √ swap collide-stream unitary sequence just generated the ∇ 2 in the long wavelength limit, and the unitary phase rotation introduced the nonlinearities. Here we will utilize the unitary QLG algorithm developed by Yepez [27, 28] for the relativistic Dirac particle in 3D by incorporating a Lorentz mass scalar as an effective potential. This new unitary collision operator will replace both the √ swap and the phase rotation in the older QLG algorithm [20] . We shall see that this will permit successful simulations of the Manakov solitons at significantly higher amplitudes than were previously permitted. This opens up the possibilities of utilizing this new QLG to study complex quantum vortex structures in 3D spinor BECs.
QLG algorithm using the unitary

√ swap collision operator
QLG is a unitary mesoscopic lattice algorithm with interleaved collision-stream operators: the unitary collision operator locally entangles the qubit amplitudes while the unitary stream operator transports that entanglement throughout the spatial lattice. One introduces two qubits per scalar field and need only work in the 1-body subspace |01⟩, |10⟩ of each scalar field. The local √ swap collision operator in this subspace has the form
where the σ are the Pauli spin matrices
The corresponding scalar wave function (dropping the subscript label for simplicity) at lattice site x
The local qubit entanglement at x is propagated throughout the lattice by the unitary streaming operators
with a shift in the components of Φ along the lattice directions ± x, respectively. Basically, (13) unitarily shifts just one of these post-collision excited state amplitude probability to the nearest neighbor lattice site
x ± x, respectively. In particular, let us first consider the evolution operator for the κth component of Φ. Consider a QLG algorithm that interleaves the noncommuting collide and stream operators, [S x,κ , C ] ̸ = 0,
where κ is either 0 or 1 corresponding to the streaming of either the γ 01 or γ 10 component of Φ in (12) . One proceeds similarly with the other scalar field in the coupled NLS equation (3).
In the evolution operator for the κ component of scalar wave function Φ one introduces the nonlinear potential Ω as a phase rotation
where Ω will later be chosen as the corresponding nonlinear coupling potential in Eq. (3). ε is a small perturbative parameter.
The final quantum map that evolves the components Φ n of the vector wave function is
Thus to recover the 1D Manakov vector NLS equation (3) from this mesoscopic quantum map, one must choose parameters such that the quantum map obeys diffusion ordering, with Φn(x, t) , and contracts the 2-component field Φ n to the scalar 1D NLS wave function Q n = (1, 1) · Φ n = γ 01,n + γ 10,n . The nonlinear potential terms are chosen
The extension to 3D is straightforward:
all one needs to do is to extend the interleaving operator along each orthogonal lattice direction:
QLG using the alternate unitary collision operator based on the Dirac equation
Yepez first developed a unitary QLG algorithm for the 3D relativistic Dirac particle dynamics [27] and then extended it by adding an effective potential as a Lorentz mass scalar [28] . To model the Manakov vector NLS equation (3) we simply take the nonrelativistic limit of this unitary Dirac collision operator and identify the mass term with the nonlinear interactions of the Manakov equation (3). This new collision operator C D,n , Eq. (17), replaces both the √ swap collision operator and the phase rotation used to implement the nonlinear potential in the old QLG algorithm [20] :
and the nonlinear interaction terms
The inter-leavened sequence of non-commuting unitary collide-stream operators is as in the old QLG algorithm. The nonlinear potential Ω n is now an integral part of the collision operator itself and is not just an extra exponential phase factor as in (15) . The most important consequence of using this nonrelativistic unitary Dirac collision operator C D,n in the QLG algorithm is that our simulations can run up to an order of magnitude greater than can be achieved by the √ swap unitary collision operator QLG.
Manakov solitons simulations-benchmark against √ swap QLG algorithm
We first validate our Dirac-based collisional QLG algorithm to show that we can recover our earlier inelastic Manakov results using the same order of magnitude initial soliton speeds and amplitudes as could be obtained in the √ swap unitary collision QLG algorithm. In Fig. 1 , we show the pre-collision and post-collision 2-soliton pairs (|Q 1 (x, t)| in blue, and |Q 2 (x, t)| in red), with the arrows giving the propagation directions. At t = 0, the vector 2-soliton pairs are centered around x = 900 and x = 5000. For specially chosen initial parameters, there is an inelastic collision as is seen in the disappearance of the soliton in the post-collision state of |Q 1 (x, t)| that is propagating to the left (see the left figure of Fig. 1 ).
However, after the next soliton collision the amplitudes will no longer satisfy the criterion for an inelastic collision, Eq. (9), and the |Q 1 (x, t)| 2-solitons will reappear. In Fig. 2 , we plot the time evolution of the 2-soliton maxima (i.e., the max 1≤x≤L |Q n (x, t)|, n = 1, 2) throughout the run (here t max = 400K ). The higher amplitude soliton is shown dashed, to distinguish it from the lower amplitude soliton. The spikes in the peaks occur during soliton-soliton overlap. The inelastic collision, resulting in the loss of the lower amplitude soliton in |Q 1 | is clearly seen after the 1st soliton-soliton collision around t = 25K , see also Fig. 1 , but it reappears after the 2nd soliton-soliton collision. In the time intervals between soliton-soliton collisions the four soliton shape, amplitude and speed remains invariant as can be seen in Figs. 1 and 2 .
There is no second inelastic vector soliton-soliton collision in |Q 1 | around t = 330K , although the secondary soliton peak is quite low, around 2 × 10 −4 .
The intensity spectrum in each mode is shown for the integrable Manakov vector solitons in Fig. 3 .
Higher amplitude vector Manakov soliton collisions
We now increase the soliton amplitudes to levels that cannot be handled by our older √ swap QLG algorithm on this grid. Again, we choose parameters so that there will be a Manakov inelastic first collision among the vector soliton modes, i.e., figure) are at times t = 15K , t = 20K , t = 25K . The first polarization amplitude 2-soliton |Q 1 (x, t)| is in blue (these are embedded in the Q 2 solitons and so hence not that visible). The orthogonal polarization 2-soliton |Q 2 (x, t)| is in red. The inelastic soliton collision occurs for specially chosen soliton amplitudes and speeds, and in this case the position collision soliton for |Q 1 (x, t)| = 0 for x < 3000 is totally absent. Simulations performed on a grid L = 6000, under periodic boundary conditions. The amplitudes are now a factor of 4-8 greater than before and the speeds nearly a factor of 2 greater. Higher amplitudes and speeds can be run but will eventually require larger spatial grids to resolve the very sharp solitons. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) Eq. (9) can be satisfied, see Fig. 4 , where again the post-collision soliton in |Q 1 | is annihilated at the first collision. It should be noted that as the soliton amplitudes increase they become more sharply focused spatially. Even though higher amplitudes can be handled by our new Dirac-based QLG algorithm one will eventually need to increase the grid resolution.
The long-time evolution (to t max = 400K ) of the soliton peaks is shown in Fig. 5 . There are more collisions since the soliton speed is increased by almost a factor of 2. The quite precise step-function behavior in the maxima of the amplitudes |Q 1,2 | in Fig. 5 illustrate the accuracy of the QLG simulation. For example, in between collisions we find (for a different set of collision parameters) that the average peak in |Q 1 | = 0.1607, with standard deviation σ 1 = 1.85e−04, while for the The dashed curves are for the higher amplitude soliton within that particular mode, while the solid curve is for the lower soliton amplitude. Fig. 6 . The intensity spectra for the vector soliton modes Q 1 and Q 2 at 3 different times: t = 0 (blue), t = 5k (red) and t = 15K (green). At t = 15k an inelastic vector Manakov collision has already occurred resulting in a single soliton in Q 1 . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) average peak in |Q 2 | = 0.0752, with standard deviation σ 2 = 2.12e−05. In the next post-collision phase, the average peak in |Q 1 | = 0.1440, with standard deviation σ 1 = 1.66e−04, with the average peak in |Q 2 | = 0.099, and standard deviation σ 2 = 1.14e−04.
The corresponding intensity spectrum in each mode is shown for the integrable Manakov vector solitons in Fig. 6 . For these sharper solitons the spectrum now extends further in wavenumber k space and is flatter for a more extended range of small k than for the broader lower amplitude solitons shown in Fig. 3 .
Nonintegrable vector soliton collisions with radiation, B = 1.95 in Eq. (3)
If B = 1 in Eq. (3), then the coupled NLS equations are exactly integrable, giving rise to both elastic and (in a special case) inelastic Manakov vector soliton collisions. However, if B ̸ = 1, the coupled NLS equations are non-integrable. Here we present simulations using the same parameters as in the previous section B, but now increasing the birefringence parameter to B = 1.95. While there seems to be some mode-locking, quite rapidly one of the initial solitons is destroyed with significant radiation (see Fig. 7 ).
If one now follows the evolution of the peaks in Q n in time one quickly sees the non-integrable nature of the coupled NLS equation (3) when B ̸ = 1: there are no flat horizontal sections for any time intervals, Fig. 8 .
The radiation lifts the intensity spectrum for large k, as clearly seen in Fig. 9 .
Conclusion
We have further benchmarked a new quantum lattice gas algorithm on exactly integrable nonlinear 1D soliton systems. In particular, we have modeled the vector Manakov solitons which are exactly soluble using the Hirota method on the coupled set of NLS equations. We have also considered the non-integrable case with the algorithm preserving the vector normalization to 8 significant figures. This new quantum lattice gas utilizes unitary collide-stream operations on qubit amplitudes. The collision operator is deduced from the Dirac equation [28] where the particle's mass, a Lorentz invariant scalar quantity, is augmented by an additional scalar quantity that for the coupled NLS system is spatially dependent: m → m +δm(x). When the additional mass term is equated to an effective nonlinear potential, we represent an effective potential as a Lorentz scalar quantity. Indeed this extra mass term δm(x) models the |Q | 4 term that appears in the corresponding Fig. 7 . Upper figures: Time snapshots of |Q 1 (x, t i )|: Left Plot: the initial 2 sech-profiles at t 0 = 0 (blue), and at t = 20K (red). Right Plot: at times t = 120K (blue) and t = 230K (red). Lower figures: Time snapshots of |Q 2 (x, t i )|: Left Plot: the initial 2 sech-profiles at t 0 = 0 (blue), and at t = 20K (red). Right Plot: at times t = 120 K (blue) and t = 230K (red). One sees mode-locking of quasi-solitons as well as considerable radiation. The normalizations  |Q i (x, t)| 2 dx = const. are preserved to at least 8 significant figures for all times. The birefringent coefficient B = 1.95 for the coupled non-integrable NLS system. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) Fig. 8 . A plot of the time evolution of the vector 2-soliton peaks, max 1≤x≤L |Q n (x, t)|, n = 1, 2, in each mode. One notes mode-locking of the main sharp quasi-soliton and the excitation of radiation modes. Fig. 9 . The intensity spectra for the vector soliton modes Q 1 and Q 2 at t = 230K . For small k, k < 100, the spectrum is flat while for large k, k > 400, the spectrum exhibits a power law structure: k −20/3 .
Lagrangian. Such a term is well known to preserve the Lorentz invariance. The nonrelativistic limit is then achieved by employing a kinetic energy/potential energy decomposition interleaving scheme that uses a quantum algorithmic protocol of multiple unitary stream and collide operations at each time step. In this way, we can achieve high numerical accuracy even when the coupling constant is large. The new Dirac-based QLG algorithm is tested against the exactly soluble vector Manakov soliton problem, with excellent agreement with theory. More importantly, the soliton amplitudes under this Diracbased algorithm are an order of magnitude greater than that permitted by our earlier √ swap-collision QLG algorithm. This should permit meaningful simulations of spinor BECs.
